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Abstract. In the present paper we shall consider countable state p-adic Potts model on Z+. A main 
aim is to establish the existence of the phase transition for the model. In our study, we essentially 
use one dimensionality of the model. To show it we reduce the problem, to the investigation of an 
infinite-dimensional nonlinear equation. We find a condition on weights to show that the derived 
equation has two solutions, which yields the existence of the phase transition. We prove that measures 
corresponding to first and second solutions are a p-adic Gibbs and generalized p-adic Gibbs measures, 
^ ' respectively. Note that it turns out that the finding condition does not depend on values of the prime 

^ I p, and therefore, an analogous fact is not true when the number of spins is finite. Note that, in the 

usual real case, if one considers one dimensional translation-invariant model with nearest neighbor 
OO ' interaction, then such a model does not exhibit a phase transition. Nevertheless, we should stress that 

in our model there does not occur the strong phase transition, this means that there is only one p-adic 
Gibbs measure. Here we may see some similarity with the real case. Besides, we prove that the p-adic 
(— I ' Gibbs measure is bounded, and the generalized one is not bounded. 
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1. INTRODUCTION 

> ; 

. Due to the assumption that p-adic numbers provide a more exact and more adequate description of 

microworld phenomena, starting the 1980s, various models described in the language of p-adic analysis 
l/^ ■ have been actively studied [6], [16], [39], [51]. The well-known studies in this area are primarily devoted 
\^ , to investigating quantum mechanics models using equations of mathematical physics [5, 52, 50]. Fur- 
' thermore, numerous applications of the p-adic analysis to mathematical physics have been proposed 
in [8], [26], [27]. One of the first applications of p-adic numbers in quantum physics appeared in the 
framework of quantum logic in [9]. This model is especially interesting for us because it could not 
be described by using conventional real valued probability. Besides, it is also known [27, 39, 44, 50] 
that a number of p-adic models in physics cannot be described using ordinary Kolmogorov's proba- 
I bility theory. New probability models, namely p-adic values ones were investigated in [10], [25], [34]. 
After that in [35] an abstract p-adic probability theory was developed by means of the theory of 
non- Archimedean measures [44], [23]. Using that measure theory in [32], [38] the theory of stochastic 
processes with values in p-adic and more general non- Archimedean fields having probability distribu- 
tions with non-Archimedean values has been developed. In particular, a non-Archimedean analog of 
the Kolmogorov theorem was proven (see also [18]). Such a result allows us to construct wide classes 
of stochastic processes using finite dimensional probability distributions^. Therefore, this result gives 
us a possibility to develop the theory of statistical mechanics in the context of the p-adic theory, since 
it lies on the basis of the theory of probability and stochastic processes. First steps in this theory 
have been started in [22, 41, 42]. Note that one of the central problems of such a theory is the study 
of infinite- volume Gibbs measures corresponding to a given Hamiltonian, and a description of the set 
of such measures. In most cases such an analysis depend on a specific properties of Hamiltonian, 



>< 



^We point out that stochastic processes on the field Qp of p-adic numbers with values of real numbers have been 
studied by many authors, for example, [1, 2, 3, 12, 37, 53]. In those investigations wide classes of Markov processes on 
Qp were constructed and studied. In our case the situation is different, since probability measures take their values in 
Qp. This leads our investigation to some difficulties. For example, there is no information about the compactness of 
p-adic values probability measures. 
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and complete description is often a difficult problem. This problem, in particular, relates to a phase 
transition of the model (see [19]). 

In [29, 30] a notion of ultrametric Markovianity, which describes independence of contributions to 
random field from different ultrametric balls, has been introduced, and shows that Gaussian random 
fields on general ultrametric spaces (which were related with hierarchical trees), which were defined 
as a solution of pseudo differential stochastic equation (see also [21]), satisfies the Markovianity. In 
[28, 25] Gaussian p-adic valued measure was investigated, and showed that such a measure is not 
bounded. This phenomena shows the difference between real and p-adic valued probability theories. 
Some applications of the results to replica matrices, related to general ultrametric spaces have been 
investigated in [31]. 

The purpose of this paper is devoted to the development of p-adic statistical mechanics in p-adic 
probability theory framework. Namely, we study one-dimensional countable state of nearest-neighbor 
Potts models (see [17, 55]) over p-adic filed. We are especially interested in the existence of phase 
transition for the mentioned model. Here by the phase transition we mean the existence of two different 
generalized p-adic Gibbs measures associated with the model. Note that such measures present more 
natural concrete examples of p-adic Markov processes (see [32], for definitions). It is worth to mention 
that when the number of states of the model is finite, say q, then the corresponding p-adic g-state 
Potts models have been studied in [41, 42]^. It was established that a strong phase transition occurs 
if q is divisible by p. Here the strong phase transition means the existence of two different p-adic 
Gibbs measures. This shows that the transition depends on the number of spins q ^. Therefore, it 
is interesting to know the situation in the setting with countable states. In [33] (see also [40]) first 
steps to investigation of such a countable state p-adic Potts model on Cayley tree have been studied. 
We provided a sufficient condition for the uniqueness of p-adic Gibbs measures. Note that such a 
condition does not depend on the value of p. 

In the present paper we shall consider countable state p-adic Potts model on Z^. A main aim is 
to establish the existence of the phase transition for the model. In our study, we essentially use one 
dimensionality of the model. To show it we reduce the problem, to the investigation of an infinite- 
dimensional nonlinear equation. We will show that the derived equation has two solutions, which 
yields the existence of the phase transition. Note that, in the usual real case, if one considers one 
dimensional translation-invariant model with nearest neighbor interaction, then such a model does not 
exhibit a phase transition. But in our setting, we are able to produce a model which is translation- 
invariant and has nearest neighbor interactions, and for such a model we shall prove the existence 
of the phase transition. Nevertheless, we should stress that in our model there does not occur the 
strong phase transition, this means that there is only one p-adic Gibbs measure. Here we may see 
some similarity with the real case. 

Let us briefly describe the paper. After preliminaries, in section 3 we introduce the model, and 
define generalized p-adic Gibbs measure and p-adic Gibbs measure, respectively. Here the provided 
construction of such measures which depends on a weight A. The goal of this investigation is to 
give a sufficient condition for the existence of two such measures. Note that in comparison to a real 
case, in a p-adic setting, a priori the existence of such kind of measures for the model is not known, 
since there is not much information on topological properties of the set of all p-adic measures defined 
even on compact spaces. However, in the real case, there is the so called the Dobrushin's Theorem 
[13, 14, 19] which gives a sufficient condition for the existence of the Gibbs measure for a large class 
of Hamiltonians. Using the p-adic analog of Kolmogorov's extension Theorem [32], an investigation 
of the defined measures is reduced to the examination of an infinite-dimensional nonlinear recursion 
equation. In next Section 4, we associate a nonlinear operator on the Banach space cq to the derived 
recursion equation. We provide a sufficient condition on weight A, which ensures the existence of two 
fixed points of the nonlinear operator. This implies the existence of the phase transition for the model. 
It turns out that the finding condition does not depend on values of the prime p, and therefore, an 



The classical (real value) counterparts of such models were considered in [55] 

To establish such results we investigated p-adic dynamical systems associated with the model. Note that first 
investigations of non-Archimedean dynamical systems were appeared in [20] (see also [4, 34, 15, 46, 49, 54]) 
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analogous fact is not true when the number of spins is finite. Moreover, we show that the found fixed 
points define a p-adic Gibbs and s generahzed p-adic Gibbs measures, respectively. Besides, we prove 
that the p-adic Gibbs measure is bounded, and the generalized one is not bounded. 

2. Preliminaries 

Throughout the paper p will be a fixed prime number greater than 3, i.e. p > 3. Every rational 

Tl 

number x ^ Q can be represented in the form x = — , where r, n G Z, m is a positive integer, 

m 

{p, n) = 1, {p, m) = 1. The p-adic norm of x is given by 

p~^ for X / 
for X = 0. 

It satisfies the following strong triangle inequality 

\x + y\p < max{|x|p, |y|p}, 

this is a non- Archimedean norm. 

The completion of the field of rational numbers Q with respect to the p-adic norm is called p-adic 
field and it is denoted by Qp. 

According to non-Archimedeanity of the norm the following statement holds true (see [36]). 

oo 

Lemma 2.1. Let {x„} be a sequence in Qp. Then ^ x^ converges iff Xn — ?• 0. 

k=l 

Note that any p-adic number x 7^ can be uniquely represented in the form 
(2.1) X = p'^('') (xo + xip + X2P^ H ), 

where 7 = j{x) £ Z and Xj are integers, < Xj < p — 1, xq > 0, j = 0, 1, 2, ... (see more detail [36]). 
In this case \x\p = 



We recall that an integer a G Z is called a quadratic residue modulo p if the equation x^ = a (mod p) 
has a solution x G Z. 

Lemma 2.2. [50] In order that the equation 



X 



2 = a, 7^a = p'^(")(ao + aiP+...), < < p - 1, > 



has a solution x G Qp, it is necessary and sufficient that the following conditions are fulfilled: 

(i) 7(a) is even; 

(ii) Oo is a quadratic residue modulo p if p 7^ 2, ai = 02 = if p = 2. 

Denote Zp = {x G Qp : |x|p < 1}. Elements of the set Zp are called p-adic integers. 

Lemma 2.3 (Hensel's Lemma). [36] Let P{x) be polynomial whose the coefficients are p-adic integers. 
Let qq £ Tjp be a p-adic integer such that P(ao) = 0{mod p) and P'(ao) 7^ 0{mod p). There exists a 
unique p-adic integer xq G Zp such that P{xq) = and |xo — ao|p < 1/p. 

Given a G Qp and r > put 

B{a, r) = {x G Qp : |x — a\p < r}, S{a, r) = {x G Qp : |x — a\p = r}. 

The p-adic logarithm is defined by the series 

log,(x) = logp(l + (x - 1)) = J^(-l)«+ii^_^, 

n=l 

which converges for x G B(l, 1); the p-adic exponential is defined by 

°° x" 

expp(x) = Y.^^ 

n=0 

which converges for X G S(0,p-i/(P-i)). 
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Lemma 2.4. [36] Let x G B{0,p ^^^^ then we have 

(2.2) I expp(a;)|p = 1, \expp{x) - l\p = \x\p, | logp(l + x)|p = 

(2.3) logp(expp(x)) = X, expp(logp(l + x)) = 1 + x. 

Note the basics of p-adic analysis, p-adic mathematical physics are explained in [36, 43, 45]. 
Let {X,B) be a measurable space, where B is an algebra of subsets X. A function fj, : B ^ Qp is 
said to be a p-adic measure if for any Ai, ...,An C B such that Ai n = (i / j) the equality holds 

(n \ n 

]JaA =Y.KA,). 
i=i ^ i=i 

A p-adic measure is called a probability measure if fJ.{X) = 1. A p-adic probability measure /U is 
called bounded if sup{|/x(74)|p : A £ B} < oo. For more detail information about p-adic measures we 
refer to [26], [25]. 

3. p-ADic Potts model and its p-adic Gibbs measures 
In the sequel we will use the notation Z+ = {0,1,2,---}. 

Now define the p-adic Potts model on with spin values in the set $ = {0, 1, 2, • • • , }. Note that 
a configuration a on Z+ is defined as a function x E — )• cr{x) G in a similar manner one defines 
configurations (T.„ and uj(^n) on [0, n] and {n}, respectively. The set of all configurations on Z+ (resp. 
[0,n], {n}) coincides with Q = (resp. il„ = <I)[°'"1, = <I>). One can see that = ^n-i x ^■ 

Using this, for given configurations cxn-i G ^n~i and G f^{n} we define their concatenations by 



(Tn_i Vw = |{fT.„_i(/c), A; G [0,n - l]},{a;} |. 
The Hamiltonian ff„ : r2„ — t- Qp of p-adic countable state Potts model has the form 

n-l 

(3.1) ^^n(^) = J J^<5^(fc),a(fc+i), neN, 

k=0 

here a G is the Kronecker symbol and 

(3.2) \J\p < ^. 

Note that such a condition provides the existence of a p-adic Gibbs measure (see (3.4)). 
Let us construct p-adic Gibbs measures corresponding to the model. 
A given set A we put = {{xJjgA : Xi G Qp}. 

Assume that a function h : N — Q* , i.e. h„ = {hi^n}i€^, n G N is given and a non-zero element 
A = {A(z)}ig$ G Q* is fixed such that 

(3.3) |A(n)|p — as n — oo 

which is called a weight. In what follows, without losing generality we may assume that A(0) ^ 0. 

(n) 

Given n = 1, 2, . . . a p-adic probability measure on J7„ is defined by 



(3.4) 



^^h\^) = — (i^ expp <^ Hn{(j) U^(„),„ Yl ^(^(^))' 



here, a G and Z^*^^ is the corresponding normalizing factor called a partition function given by 
(3.5) Zi"^) = ^ expp |lf„(a)|/i,(„),„ ^ ^(^(^))' 

o-Gf^n ^ ^ A;=0 

here subscript n and superscript (h) are accorded to the Z, since it depends on n and a function h. 
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The condition (3.2) with non-Archimedeanity of the norm | • |p imphes that \H{a)\p < ^i/lp-^) for 

all a € r^n, n G N, which means the existence of expp in (3.4), therefore, the measures fi^'^ are well 
defined. 

One of the central results of the theory of probability concerns a construction of an infinite volume 
distribution with given finite-dimensional distributions, which is called Kolmogorov's Theorem [47]. 
Therefore, in this paper we are interested in the same question but in a p-adic context. More exactly, 
we want to define a p-adic probability measure on Q such that it would be compatible with defined 

(n) . 

ones /i^ , I.e. 

(3.6) pL{a G : o-|[o,„] = (T„) = Aih"'^(<T„), for all (J„ G n G N. 

In general, a priori the existence of such a kind of measure is not known, since, there is not much 
information on topological properties, such as compactness, of the set of all p-adic measures defined 
even on compact spaces^. Therefore, at a moment, we can only use the p-adic Kolmogorov extension 
Theorem (see [18], [32]) which based on so called compatibility condition for the measures n>l, 
i.e. 

(3.7) j;/.i:^)(<7„„i VL.) = ^if-^)(a„_i), 

for any o"„_-i G iln-i- This condition according to the theorem implies the existence of a unique p-adic 
measure /i defined on Vt with a required condition (3.6). Note that more general theory of p-adic 
measures has been developed in [23, 24]. 

in) 

So, if for some function h the measures satisfy the compatibility condition, then there is a 
unique p-adic probability measure, which we denote by //hi since it depends on h. Such a measure /^h 
is said to be a generalized p-adic Gibbs measure corresponding to the p-adic Potts model. By GQ{H) 
we denote the set of all generalized p-adic Gibbs measures associated with functions h = {h„, n G N}. 
If \GQ{H)\ > 2 (here \A\ stands for the cardinality of a set A) i.e. there are at least two different 
generalized p-adic Gibbs measures in GQ{H), namely one can find two different functions s and h 
defined on N such that there exist the corresponding measures fig and /ih, which are different, then we 
say that a phase transition occurs for the model, otherwise, there is no phase transition. If the function 
h has a special form, i.e. h = {expp(Ki^„)}je$ for some {Ki,n} C Qp, then the corresponding measure 
defined by (3.4) is called p-adic Gibbs measure. The set of all p-adic Gibbs measures is denoted by 
Q{H). If |t/(i7)| > 2, then we say that for this model there exists a strong phase transition. Note that 
such kind of measures and transitions for Ising and Potts models have been studied in [41, 42, 22]. 

Now one can ask for what kind of functions h the measures fj!^^ defined by (3.4) would satisfy the 
compatibility condition (3.7). The following theorem gives an answer to this question. 

Theorem 3.1. [40] The measures n = 1,2,... (see (3.4) J satisfy the compatibility condition 

(3.7) if and only if for any n G N the following equation holds: 

(3.8) hi^n = j^F,{hn+i;e), fGN 

here and below 6 = expp(J), a vector h = {/ijjjgN S Qp is defined by a vector h = as follows 



In the real case, when the state space is compact, then the existence follows from the compactness of the set of 
all probability measures (i.e. Prohorov's Theorem). When the state space is non-compact, then there is a Dobrushin's 
Theorem [13, 14] which gives a sufficient condition for the existence of the Gibbs measure for a large class of Hamiltonians. 
In [17] using that theorem it has been established the existence of the Gibbs measure for the real counterpart of the 
studied Potts model. It should be noted that there are even nearest-neighbor models with countable state space for 
which the Gibbs measure does not exists [48]. 
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and mappings Fi : Qj; x Qp — Qp are defined by 

(Q _ 1)3;. _|_ X ■ + 1 

(3.10) Fi(x;0) = '00 ' , x = {xai6N, «GN. 

Lemma 3.2. [40] Let {h} he a solution of (3.8) such that X^j^i /ij,n 7^ — ^ /o?" every n G N. T/ien /or 
every n G N one /las 

00 

(3.11) /ij^n < 00. 

i=i 

Remark 3.1. If every sequence h„ is bounded, then (3. 3), (3. 9) with Lemma 2.1 imply that the series 

00 ^ 

^ /ij^n is always convergent. 
i=i 

Observation 3.1. Here we are going to underline a connection between g-state Potts model with 
the defined one. First recall that g-state Potts model is defined by the same Hamiltonian (3.1), but with 
the state space $g = {0, 1, . . . , g — 1}. Similarly, one can define p-adic Gibbs measures for the g-state 
Potts model, here instead of the weight {A(z)} we wih take a collection {A(0), A(l), . . . , \{q — l)} C Qp. 

Now consider countable Potts model with a weight {A(i)} such that 

(3.12) A(A;) = for aU A; > q> 1. 

In this case the corresponding Gibbs measures will coincide with those of q-state Potts model. Indeed, 
let 

0^ = {(J G : 3j G Z+ : a(j) > q] 
= {a G : < g - 1 Vj G Z+} 

It is clear that il^'^^ = <^g^. Let ^ be a Gibbs measure of the countable Potts model with the given 
weight corresponding to a solution h„ = {/ii,n.}ie$ of (3.8). Note that here by Gibbs measure we mean 
genralized p-adic Gibbs measure. From the definition (3.4) we see that the restriction of /i to Vt^ is 
zero, i.e. /u[qc= 0. Moreover, from (3.8) and (3.12) we conclude that hi^n = for all i > q. This 
means that vectors h^^^ = {/li.n.jie*, will be a solution of (3.8) corresponding to the g-state Potts 
model. Therefore, the restriction of fj, to fi^'^^ coincides with Gibbs measure of g-state Potts model 
with a weight {A(0), A(l), . . . , X{q — 1)} corresponding to a solution of h.n\ 

Hence, we conclude that under condition (3.12) all Gibbs measures corresponding to countable 
Potts model are described by those measures of g-state Potts model. 



Let us recall that a function {h„}„gN is translation-invariant if h„ = h^^^i := h for every n G N. It 
is natural to ask is there a translation invariant solution of (3.8). 

Now we are looking for the translation- invariant solution h of (3.8). Then the equation can be 
written as follows 

Investigating, the derived equation (3.13), in [40] we have proved the following 
Theorem 3.3. [40] Let < |J|p < p~^/^P~^) and for the weight A the condition 
(3.14) A(0) = 1, and |A(m)|p < 1 Vm G N. 

he satisfied. Then for one dimensional p-adic Potts model (3.1) there is a generalized p-adic Gibbs 
measure, i.e. \GQ{I{)\ > 1. Moreover, there is a unique p-adic Gibbs measure, i.e. \Q{H)\ = 1. 



hi + h2 + 
hi f6hi + h2 + l 



h2 \eh2 + hi + l 
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Remark 3.2. Under the condition (3.14) from Theorem 3.3 it naturahy arises a question: is it possible 
that \GG{H) \ G{H)\ > 1. It turns out this situation can occur. Indeed, let us consider 

(3.15) A(0) = 1, A(l) = A(2) = a, A(m)p = V?n > 3 

(3.16) \a\p < 1. 

It is evident that in this case (3.14) is satisfied. Then (3.13) reduces to 

(3.17) = a('-h±l^'^ 

\hi + h2 + 

(3.18) ^ J0h2 + hi + l 
Prom (3. 17), (3. 18) one gets 
(3.19) 
which implies 

(/ll-/l2)(/ll+/l2 + l)=0. 

This means that either /ii = /12 or /ii = — /i2 — 1. 

Now assume that /ii = — /i2 — 1, and substituting it to (3.17) we immediately find that /ii = and 
/i2 = —1. From (3.9) and (3.15) one gets that hi = 0. This means that associated measure (3.4) is a 
generalized p-adic Gibbs one, i.e. belongs to GQ{H) \ G{H). 

Let hi = h2. Then again substituting it to (3.17) and after little algebra one gets 

(3.20) Q{hi) = 

where Q{x) = 2x^ + ((1 — 0){1 — a) + 1 — 2a)x — a. From (3.16) one can see that |(5(0)|p = \a\p < 1 
and |Q'(0)|p = 1. Therefore, thanks to the Hansel Lemma the equation (3.20) has two solutions 

measure corresponding to h^^^ due to 
Theorem 3.3 belongs to Q{H). But from (3.9) and (3.16) one infers that the measure associated with 
belongs to Gg{H) \Q{H). 
Hence, for the model (3.1) with a weight (3.15) we have \Gg{H) \ g{H)\ > 2, since \Q{H)\ = 1. 

4. Phase transition 

In this section we are going to show that the equation (3.8) has at least two translation-invariant 
solutions under some conditions. 

In this section we will assume the following 

(4.1) A(0) = 1, A(l)=a, and |A(m)|p < 1 Vm > 2, 
here a G Qp such that 

(4.2) |a|p = l, |l-a|p<l/p. 

It is obvious that in this case (3.14) is not satisfied. Now we are going to find translation invariant 
solution of (3.8), i.6. — h-m for cill 71, Tfi G M. TliereforG, W6 ctssumG that hi — (-^i; ■ ■ ■ ? • • • )■ Let 

us for the sake of shortness, a given sequence x = {xj}j>2 we denote 



(4.3) X:=Y,Xj. 

J=2 



If hi is a translation invariant solution, then the first equation in (3.13) with (4.1) can be rewritten 

by 

'exi+x + r 

xi+X + { 



(4.4) xi = a 
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We reduced the last equation to 

(4.5) P(xi) = 0, 

where P{x) = x"^ + {X + 9{1 - a))x - a{X + 1). 
Direct checking shows that 

(4.6) P{1) = (1- a){X + 1 + 9), P'{l) = 2 + X + e{l-a). 

If |X + 2|p = 1, then (4.2) with the Hensel's Lemma implies that (4.5) has a solution x+^i belonging to 
Qp. Hence, the Vieta Theorem yields that the second solution x-^i of (4.5) also belongs to Qp. Note 
that for the both solutions x±^i due to Hensel Lemma we have 

(4.7) - l|p < 1/p. 
Now keeping in mind that p > 3, from (4.7) one finds 

(4.8) |x_,i-l|p = L 

In the sequel we will need an exact form of these solutions, which can be written as follows 

{a - 1)9 - X + y/D^ 



(4.9) x±,i 
where 

Dx = {X + 9{l-a))^ + 4a{X + 1) 

(4.10) = 9^{l-a)^ + 2{2X + X9 + 2){l-a) + {X + 2)^ 

Note that the existence of the solutions x±^i yields the existence \fDx- 
Let us now substitute (4.9) into Fi in (3.10), which has a form 

{4.11) = ^'^ - + (° - + ^±y^ + ^ i>2. 

» V > ; {a + l)9 + X + ^D^ ' - ' 

where x = {xj}i>2. 

Note that from (3.9) and (3.3) we see that ~^ as n — >■ oo. Therefore, it is natural to consider 
the following space 

(4.12) Co = {{xn^ny-i C Qp : \xn\p -^0, n oo} 

oo 

with a norm ||x|| = max \xr\p. According to Lemma 2.1 for any G cq we have ^ Xj < oo. 

Define 

(4.13) B, = G CO : ||x|| < r}, 

where r G {j}^ : k €z 'Z}. It is clear that B^^ is a closed subset of co. Now consider the following 
mapping 

(4.14) (^(±)(x)), = A(i)i^(±)(x,0), i>2, 

where x = {xn} G Co. 

Now our aim is to show the existence of a fixed point of J^^^^ . 
Put 

^ = ™fx|A(i)|p. 

From (4.1) one immediately finds that 5 < 1. 

Note that according to the condition (4.1) from (3.9) we obtain \xn\p < |A(n)|p, Vn > 2, which 
implies that any solution of (3.8) belongs to B^. 

Lemma 4.1. Let the conditions (4.1), (4. 2) be satisfied for A. Then ^^(^^(B^) C B^. 
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Proof. Let x G B^. Then 
(4.15) 



\X\ 



i=2 



< 11x11 < 6. 



Therefore, one has \X + 2\p = 1, and according to the above made argument, we infer the existence 
of y/Dx- Now using this fact and (4.15), from (4.10) and (4.2) we conclude that \/Dx = 2 + e with 
\e\p < 1, which with (4.2) imphes that 



(4.16) 
(4.17) 



Dx + 2\p = l, \ae+ ^Dx\p = \3\p, 

D^-2\p<-, \ae-y^\p = l. 
P 

Then by means of (4. 15), (4. 16) and (4.2) we have 

2{e - l)xi + {a-l)e + X + /D^ + 2 



l(-^^+Hx)).ip 



|A(i)|, 



|A(i)|, 



(a + 1)0 + X + 



ae-i + 

= \m\p<s 

for ah i > 2, which implies ^-"'■'^^-'(B^) C B^. This completes the proof. 

Before going to the main result we need some auxiliary facts. 
Lemma 4.2. One has 

{X - Y){X + y + 29{l - a) + 4a) 



'Dx 



'Dy 



Dx-Dy 



VDx + VDy 

Proof. From (4.10) we immediately find 

Dx - Dy = {X - Y){X + Y + 20(1 - a) + 4a) 

which with 

implies the assertion. 
Denote 

(4.18) = (a- 1)0 + X + + 
From the direct calculation we can prove the following 

Lemma 4.3. One has 

(4.19) ^^-^y = X-Y + ^/D^-^- 

(4.20) Yix - X^Y = ((a - 1)0 + 2){Y-X) + Y^/d^ - Xy^; 

(4.21) ex/D^ - iv^/D^ = {{a - 1)6 + 2)(/d^ - /d^) + x/d^ - Y,/d^. 
Now we are in a pose to formulate the main estimation. 

Theorem 4.4. Let the conditions (4.1), (4. 2) he satisfied for A. Then one has 

(4.22) ||^(+)(x) - -FW(y)|| < 5\e - l|p||x - y||, 
for every x, y G B^. 



□ 



□ 
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Proof. Let x, y G B5, then from (4.14) we have 



|J-(+)(x)),-J-(+)(y),| 



|A(i)|p 

\m\p 



2{e - i)xi + ix 



2{e-l)y, + iY 



(a + l)^ + X + /D^ {a + l)9 + Y + ./D^ 



2{e - 1) 



Xi{{a + 1)9 + Y+ y/Dy) - Viiia + 1)6 + X + yjDx) 



(4.23) 



((a + l)e + Y + VDy)^x - ((a + 1)9 + X + VDx)^y 



Now step by step, let us estimate I and II. 
Put 

(4.24) ^^X + Y + 29il-a)+Aa 



Let us first consider I. Then using Lemma 4.2 one finds 

I = {xi-yi)[{a + l)9 + X + ./D^] + Xi[Y -X + ./d^ - y 

(4.25) = {xi-yi)[{a + l)9 + X + ^/D^]-Xi{l + ^){X -Y) 
Now turn to II. We easily find that 

II = (a + l)9{ix - iv) + Yix - XCy + " ^yVd^ 

according to Lemmas 4.3 and 4.2 one gets 

II = 2{1-9){Y -X) + 2(1- 9){^/D^- y^) 

(4.26) = 2{1 - 9){1 + A){Y - X) 

Then substituting (4.25) and (4.26) with (4.24) into (4.23) we obtain 

|^W(x))i- 



jt IP 



Mp\m\t 



{xi-y^)i{a + l)9 + X + y/Dx) 



< 
< 
< 



+ 



+(i-xO(i + A)(x-y) 

\9 - l|p|A(i)|pmax jlxj - yi\p,\l + A\p\X - Y\p} 
\9 - l|p|A(i)|pmax{|xi - yi\} 

(4.27) < <^|^-l|p||x-y||, 

here we have used (4.3) and |A|p = 1. 

Consequently, from (4.27) we get the required inequality. □ 

Now let us turn to J^^~\ This case is a little bit tricky. Therefore, impose some extra conditions. 
Namely, we assume 



(4.28) 
(4.29) 



\a - l\p < 



p 



p-i<5- 



Lemma 4.5. Let the conditions (4.1), (4.2), (4.28), (4.29) he satisfied. Then (Bp-ig) C B 

Proof. Let x € B^-i^. Then from (4.1), (4. 15) we have \X\p < 1/p^. Using this with (4.28), from 
(4.10) one finds that y/D]^ = 2 + ei, where |ei|p < l/p^. This with (4.9) yields that 



(4.30) 



1 

\x-^i + 1 p < 

pZ 
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Whence with (4.29) one finds 

(4.31) +X + 9\p = + 1+ X + 9 -l\p = \e - l|p. 

Consequently, using (4. 31), (4. 30) and (4.29) we have 



i(j-(-)(x)),i, = \m. 



{9 -l)x, + x_^i+ X + 1 



< -\X{i)\p<P~'S 
V 

for all i >2, which implies the assertion. □ 

By the same argument of the proof of Theorem 4.4 one can prove 
Theorem 4.6. Let the conditions (4.1), (4. 2), (4. 28), (4. 29) be satisfied. Then one has 
(4.32) ||^(-)(x)-^(-)(y)|| <5||x-y||, 

for every x,y G Bp-is- 

Now we are ready to formulate our main result. 

Theorem 4.7. Let the conditions (4.1), (4. 2), (4. 28), (4. 29) be satisfied. Then a phase transition occurs 
for the countable state p-adic Potts model (3.1). 

Proof. From the conditions (4.1), (4. 2), (4. 28), (4. 29) we infer that statements of both Theorems 4.4 
and 4.6 are valid. Noting that 6 < 1 with Theorem 4.4 ( resp. Theorem 4.6) we can apply the 
fixed point theorem to T^^^ (resp. J-^~^), which means that the existence of a unique fixed point 
x+ = € (resp. x_ = {x^^i} G B^-i^). Hence, equation (3.8) has at least two translation- 

invariant solutions (a;+^i,x_|_) and (x_^i,x_). These solutions according to Theorem 3.1 define n+ and 
II- generalized p-adic Gibbs measures, respectively. To show that such measures are different, it is 
enough to establish that x^, and x_ are different. Therefore, using (4.31) one finds 

\x+,i-x.,i\p = |(-FW(x))i- (^(-)(x))i|p 

{9 - l)x+,i + + X + 1 {9- l)x_^i + + X + 1 



|A(i)|p 
|A(i)| 

\mp 



x+^i + X + 9 + 

— l|p|X-|_^l X_^i|p|Xj l|p 

^ + X + 9\p\x-^i + X + 9\p 
9 - l\p\x+^i - x_,i|p 

\o-i\p 



= \\{i)\p\x+^i-x_^i\p. 

From 1 — x_^i\p = \^JDx\p = 1 we conclude that ||x+ — x_|| = 5, which means the measures /i+ 
and /U_ are different. □ 

Remark 4.1. Note that if the conditions (4.1), (4. 2) are not satisfied, then it may exist only one 
generalized translation-invariant p-adic Gibbs measure. Indeed, consider weights defined by (3.15) 
with 

(4.33) |a|p = 1, |2a-l|p<l/p, 

(4.34) ^/a does not exist in Qp. 

From Remark 3.2 we already knew that (3.13) has a solution /ii = and /12 = — 1 which defines a 
generalized translation-invariant p-adic Gibbs measure. 

Now we show that equation (3.20) does not have any solution belonging to Qp. Indeed, one can 
compute that its discriminant has a form 

D = {{l-9){l-a) + l- 2af + 8a 
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due to |1 — 0|p < l/p and (4.33) one finds that \D\p = \a\p. Hence, the assumption (4.34) with Lemma 
2.2 implies that \/D does not exist in Qp. This means there is no solution of (3.20) belonging to Qp. 



So, we have two different generalized p-adic Gibbs measures. It is natural to ask: which of them 
would be a p-adic Gibbs measure? 

Now recall that a translation- invariant generalized p-adic measure associated with h = {hi} G 
would be j»-adic Gibbs one, if there is a sequence {kj} G Q* such that the equality hi = exp^ holds 
for all i e $. 

Let us find the corresponding sequence {kj} for (3;_|_^i,x_|_). From (3.9) we have 

expp{K,i — K,Q)a = i £ 'N 

Since {x±^i,x±) is a fixed point of (3.8), therefore from (4.5) one gets 

ex+,i + X+ + 1 



(4.35) 

and 

(4.36) 

where as before 
(4.37) 



expp(Ki - Ko 



expp{Ki - kq) 



+ x+ + e 

{9 - l)x+^i + + X+ + 1 
rc+,1 +X+ + 9 



i > 2, 



i=2 



By means of (4.7) and Lemma 4.1 one gets 
1 +X+ + 1 



+ x+ + e 
ex+,i + X + 1 



1, 



+ X + 9 
(0-l)x+,i + x+,i+X+ + l 



l|p|x+,i - l|p < 1/p, 



+X+ + 9 

{9 - l)x+,i + rE+,1 + X+ + 1 



x+,i + X+ + 



1 



l|p|x+,i - l|p = \9 - l\p < 



which, thanks to Lemma 2.2, allow us to take logp from both sides of (4.35) and (4.36). Hence putting 
Ko = 0, we able to find {kj}. This means that is a p-adic Gibbs measure. 
Now turn to (2;_^i,x„). From (4. 29), (4. 31) and (4.8) we have 



l)x_. + X_,l+X_ + 1 



x_,i + 



This due to Lemma 2.2 implies that x_ can not be represented as expp Kj. Therefore, ^- is a strictly 
generalized p-adic Gibbs measure. 
So, we have 

Theorem 4.8. Assume all the conditions of Theorem ^.7 are satisfied. Then jij^ is a p-adic Gibbs 
measure, but fX- is a generalized p-adic Gibbs measure. 

In Theorem 3.3 we have provided a sufficient condition on uniqueness of the p-adic Gibbs measure. 
But nevertheless, it is interesting to know whether the measure /i+ is a unique p-adic Gibbs measure. 

Theorem 4.9. Let the conditions (4.1), (4. 2) be satisfied for A. Then the measure /i+ is a unique 
p-adic Gibbs measure for p-adic Potts model (3.1), i.e. \0{H)\ = 1. 
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Proof. Let f) = {hi^n,^n} be any solution of (3.8), where h„ = {/jj,n}j>2 and hi^n = exp(Ki^„), 
z G N. We will show that such a solution coincides with (x+^i,x+). Indeed, it is clear that |/ii,n|p = 1 

and ||hn|| = S. 

Let us fix n G N and consider the diff'erence 



ehi,n+l + Hn+1 + 1 ex+,1 +X+ + 1 



= \9- l|p|(/ll,n+l - 1)(^+ - Hn+l) + ihl,n+l - X+^i){9 + 1 + Hn+l)\p 

(4.38) < 16* - l|pmax{|/ii,„+i - ||h„+i - x+||}, 
here we have used that 

oo 

Hn+1 '■= ^ hk,n+l 
k=2 

and \Hn+i\p < ||hn+i|| < 1- 

Similarly reasoning as in the proof of Theorem 4.4 one gets 

\hi^n-x+^i\p = \X{i)\p\Fi{hi^n+i,'iin+i;0) - Fi{x+^i,x+;e)\p 

(4.39) < |A(i)|p|6' - l|pmax{|/ii,„+i - x+^ilp, ||h.„+i - x+||} 
From (4.38), (4.39) we obtain 

(4.40) max{\hi^n - a;+,i|p, ||hn - x+||} < \9 - l|p max{|/ii,„+i - x+,i|p, ||h„+i - x+||} 

Now take an arbitrary e > and no E N such that |0 — < e. Then iterating (4.40) uq times, 
one gets 

max{|/ii,„ - x+^i\p, ||h„ - x+||} < \0 - l\p° < e 
Due to the arbitrariness of e we have = x+^i and h„ = x+ for every n S N. □ 

Remark 4.2. The proved Theorem 4.9 indicates that the condition (3.14) was a sufficient for the 
uniqueness of the p-adic Gibbs measure. 

Now let us turn to Take any solution f)_ of (3.8) of the form f)„ = {x_^i,hl ^}), where 

hi ^ E As a consequence of Theorem 4.6 one can formulate the following 

Corollary 4.10. Assume that the conditions of Theorem ^.7 are satisfied. Then f)_ coincides with 
(2;_,i,x„). 

Proof. Now fix any vertex n € N and i>2. From (4.32) one gets 



\hin-X-,^\p = \\ii)\p 



F(-)(hi-\,0)-F(-)(x„,e) 



(4.41) < 5||hi;\-x_|| 

Take an arbitrary e > and no G N such that (5"° < e. Then (4.41) implies that 

||hi-)-x_|| < 5||hi;\-x„||<...<5"«||hi-^-x_||<6. 
Hence, from the arbitrariness of e we obtain h^^"* = x_ for every n G N. This proves the assertion. □ 

Now let us consider more concrete examples. 
Example 4.1. Assume that {hm} is a solution of (3.13) defined by 

T-m— 1 

(4.42) h^=pm+l_ 

[m — 1)\ 
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where \J\p = Then one can see 



m=l 



l-p 



here as before = exp (J). Now substituting (4.42) to (3.13) we obtain the corresponding A by 



(4.43) 



A(m) 



J 



m—l 



P 



A(0) (m-l)!V(p-l)(0-l)(^-l)+p2 
Put A(0) = 1. Then it is clear that A(l) = 1. The equahty \6 — l\p = \ J\p = 1/p imphes that 



(4.44) 



{p-l){0-l)i^-l)+p' 



1 

p' 



This with | J"^ /(m — l)!|p < 1 yields that the conditions of Theorem 4.7 are satisfied. Now keeping 
in mind that hm is a solution of (3.13) and by means of (3. 9), (4. 44) we find that 



(4.45) 







ho 


p 



p 



for every m > 2. Hence, (4.45) shows that \j^\p > 1 which means that the equality hm = expp(K.m) 
impossible for any k^. This implies that the corresponding measure belongs to GQ{H) \ Q{H). From 
Corollary 4.10 we infer that the constructed generalized p-adic Gibbs measure is Thanks to 

Theorem 4.9 for the weights (4.43) there is also a unique p-adic Gibbs measure. 

Example 4.2. Now suppose that {hm] is a solution of (3.13) defined by hm = (^m-i)\ ' ^ with 
\J\p ^ 1/p- Then X^^^j^ hm = 0. By the same argument used in Example 4.1 one can define A, for 
which the conditions (4.1), (4. 2) are satisfied as well. In this case one can show that |^|p = 1- Hence, 
according to Theorem 4.9 the corresponding measure is a unique p-adic Gibbs measure. 

Now let us turn to the boundedness of the measures and We need the following 

Lemma 4.11. Let \] he a translation-invariant solution of (3.8), and he the associated Gihhs 
measure. Then for the corresponding partition function Zn^ (see (3.5)j the following equality holds 



(4.46) 

where 

(4.47) 



7(f)) _ /1, 7(1)) 



Ai, = x{o)(e + f2hX 
^ .7=1 ^ 



Proof. From (3.8) we conclude that there is a constant yl[, € Qp such that 
(4.48) ex.pp{J6ij}hjX{j) = A^hi 



for any i G <I>. 
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On the other hand, using (3.4) and (4.48) we have 

1 " 
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7(D) 



k=0 



1 

E — (i^)-exPp{-H"(o-)} JJ A(cr(A;)) J]]expp{J(5^(„)j}/ijA(j) 

i-GHn fc=0 jG* 

Au 



z. 



E expp{i?(cj)}/i„(„) JJ A(o-(A;)) 



(0) 

n+l (7GS1„ 



fe=0 



7(f)) " 



□ 



which imphes (4.46). From (4.48) we may easily find (4.47). 

Now we are ready to formulate a result. 

Theorem 4.12. Assume all the conditions of Theorem J^.l are satisfied. Then the p-adic Gihhs 
measure is hounded, hut the generalized p-adic Gihhs measure /i„ is not hounded. 

Proof. Let us first consider Take any a G r2„. Then from (3.4) with (4.46), (4.47) one gets 



l^+(0") 



1 



|7(+)| 



expp{iJ(cr)}x+ X{cr{k)) 
k=0 

n-1 



1 



< 



\{x+^i+X+ + 
1 



i^(+)l 



n)ipni^H^))i^ 



1 IP 



*;=0 



\z 



(+)l ' 

1 \p 



this means that /x+ is bounded. 
Now consider Let us take 



cr, 



(1) 



{a{k) = l,ke [0,n]}. 
Then analogously as above with (4.1), (4.31) and (4.29) we find 

1 



l/^-(4'^)lp 



I \p 



n-1 



expp{F(a«)}x_,inA(i; 



fc=0 



I ]^ Ip 



|(x_,i + X_+^)"-izJ 
1 



1 In— 1 1 7( ) I 
-L| 1^1 Ip 



1^ 



(-): ' 
1 Ip 



which means that fi_ is not bounded. 



□ 



Remark 4.3. In [41] we have proved that at p = 3 there is two p-adic Gibbs measures for that 3-state 
Potts model, i.e. \G{H)\ > 2. Hence a strong phase transition occurs. There, it was shown that those 
p-adic Gibbs measures were unbounded. Hence, Theorem 4.12 shows the difference between the finite 
state Potts models, since there the p-adic Gibbs measures are unbounded when the phase transition 
occurs. 
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